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Abstract
We study a mathematical model of a hinged flexible beam with piezoelectric
actuators and electromagnetic shaker in this paper. The shaker is modelled as a
mass and spring system attached to the beam. To analyze free vibrations of this
mechanical system, we consider the corresponding spectral problem for a fourth-
order differential operator with interface conditions that characterize the shaker dy-
namics. The characteristic equation is studied analytically, and asymptotic esti-
mates of eigenvalues are obtained. The eigenvalue distribution is also illustrated
by numerical simulations under a realistic choice of mechanical parameters.
1 Introduction
The stabilization problem for distributed parameter mechanical systems with flexible
beams has been the subject of investigations of many authors. Without any pretence
to represent an exhaustive list, we just mention some of the most related works. In
the monograph [1], the problem of strong asymptotic stabilization of vibration systems
with Euler–Bernoulli beams has been investigated. In [2], spectral methods for the
investigation of strong stability of distributed parameter systems in Hilbert spaces are
presented on a common basis, and some examples of controlled beams are analyzed.
The stabilization of an essentially nonlinear system consisting of a beam attached to
the disc with torque control is achieved in [3].
The dynamic behavior of a non-uniform cantilever Euler–Bernoulli beam with bound-
ary control is investigated in the paper [4]. It is emphasized that asymptotic properties
of the eigenvalues of the corresponding infinitesimal generator play an important role
for proving the exponential stability of the closed-loop system. A numerical scheme that
preserves the exponential stability of the original continuous Euler–Bernoulli model with
a clamped end and boundary control is proposed in [5] without introducing additional
numerical viscosity. The Euler–Bernoulli beam with one clamped end is considered
in [6] as a control system with two-dimensional input and output. It is shown that
the spectrum of the generator is located in the open upper half-plane for the consid-
ered model, and asymptotic approximations of the eigenvalues are proposed. In the
paper [7], the general eigenvalue problem is formulated for the Timoshenko and the
Euler–Bernoulli beam models under different boundary conditions. A regularization
process for the characteristic equation is discussed, and numerically stable forms of
the original hyperbolic expressions are obtained.
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Over the last few years, stability and stabilization problems for laminated beams and
beam networks have received a lot of attention due to their rich theoretical context and
engineering applications (see, e.g., [8–11] and references therein). Stability conditions
for elastic structures formed by serially connected flexible beams with different types of
boundary conditions are obtained and illustrated by numerical examples in [12,13]. In
the paper [14], the covariance functions are computed for the transverse displacement
of the Euler–Bernoulli beam under stochastic excitation. The Euler–Bernoulli model
with one clamped end and another simply supported end under the action of additive
white noise is studied in [15]. It is shown that there exists a global random attractor for
the considered stochastic system, and the Hausdorff dimension of the global random
attractors is estimated.
In contrast to the above-mentioned publications, in this work we focus on the mathe-
matical model of a simply supported beam of length l with k piezoelectric actuators and
an electromagnetic shaker described in [16]. This mathematical model is represented
by the following abstract differential equation [16]:
d
dt
ξ(t) = Aξ(t) + By, ξ(t) ∈ X, y ∈ Rk+1. (1)
Here
X = {ξ = (u, v, p, q)T |u ∈
◦
H2(0, l), v ∈ L2(0, l), p, q ∈ C}
is the Hilbert space with the inner product
〈
u1
v1
p1
q1
 ,

u2
v2
p2
q2

〉
X
=
l∫
0
(E(x)I(x)u′′1(x)u¯
′′
2(x) + ρ(x)v1(x)v¯2(x)) dx
+ κp1p¯2 +mq1q¯2,
and y = (F,M1, ...,Mk)T is considered as the control. The components of y have the
following physical meaning [16]: F is the control force applied by the shaker to the beam
at a point x = l0, l0 ∈ (0, l), and Mj characterizes the action of the j-th piezoelectric
actuator, j = 1, 2, ..., k. Here ρ(x) > 0, E(x)I(x) ∈ C2[0, l], E(x)I(x) > 0 for all x ∈ (0, l),
m and κ are assumed to be positive constants. Throughout the text, the prime stands
for the derivative with respect to the spatial variable x. The Sobolev spaces
◦
Hk(0, l)
consist of all functions u ∈ Hk(0, l) such that u(0) = u(l) = 0.
The linear differential operator A with the domain
D(A) =

ξ =

u
v
p
q
 ∈ X :
u ∈ H4(0, l0) ∩H4(l0, l),
u′′(0) = u′′(l) = 0,
u′′(l0 − 0) = u′′(l0 + 0),
v ∈
◦
H2(0, l),
p = u(l0), q = v(l0)

is defined by the following rule:
A : ξ =

u
v
p
q
 7→ Aξ =

v
−1
ρ
(EIu′′)′′
q
− 1
m
{
κp− (EIu′′)′
∣∣∣
l0−0
+ (EIu′′)′
∣∣∣
l0+0
}
 . (2)
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The linear operator B : Rk+1 → X is given by its matrix
B =

0 0 . . . 0
0 1
ρ
ψ′′1 . . .
1
ρ
ψ′′k
0 0 . . . 0
1
m
0 . . . 0
 , (3)
where ψj ∈ C2(0, l) is the shape function of the j-th piezoelectric actuator such that
suppψj ∩ {0, l0, l} = ∅, j = 1, 2, ..., k. A state feedback law y = Kξ has been proposed
in [16] such that K : X → Rk+1 is a bounded linear operator,
ξ =

u
v
p
q
 ∈ X 7→ Kξ = −

α0q
α1
∫ l
0
ψ′′1(x)v(x)dx
...
αk
∫ l
0
ψ′′k(x)v(x)dx
 ∈ Rk+1, (4)
and α0, α1, ..., αk are positive tuning parameters. We refer to the following stability
result for the closed-loop system (1) with y = Kξ(t).
Theorem 1. [16] Let A˜ = A + BK, A˜ : D(A) → X, where the operators A, B, and K
are given by (2)–(4), and let αj > 0 for j = 0, 1, ..., k. Then the abstract Cauchy problem
d
dt
ξ(t) = A˜ξ(t), (5)
ξ(0) = ξ0 ∈ X (6)
is well-posed on t ≥ 0, and the solution ξ = 0 of the closed-loop system (5) is stable in
the sense of Lyapunov.
Note that the above theorem does not guarantee asymptotic stability of the equi-
librium ξ = 0 as the limit behavior of trajectories is determined by invariant subsets of
the set M = {ξ ∈ D(A) | E˙(ξ) = 0}, where E(ξ) is the weak Lyapunov functional con-
structed in [16]. As it is well-known, the analysis of such invariant subsets is related to
spectral properties of the infinitesimal generator (see, e.g, [17] and references therein).
Moreover, the distribution of eigenvalues is one of the crucial characteristics of dis-
tributed parameter systems related to their controllability, observability, and stabilizabil-
ity properties because of the Ingham-type theorems [18] with important applications
to one-dimensional wave-like equations [19, 20]. Thus, the goal of our present paper
is to study the spectral problem for A and analyze the distribution of roots of the cor-
responding frequency equation. In Section 2, we derive an approximate frequency
equation and prove its equivalence to the exact one in the sense of limit behavior of the
roots. An estimate of the growth rate of eigenfrequencies is obtained in Section 3. We
will present the results of numerical simulations to illustrate the behavior of the roots
of both equations. For the sake of simplicity, we will assume E and I to be positive
constants in the sequel.
2 Spectral Problem
In order to obtain the characteristic equation, we consider the spectral problem
Aξ = λξ, ξ ∈ D(A), (7)
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where λ = iω. This problem reduces to the following set of equations with respect to
the components of ξ:
v = λu,
EI
ρ
d4u
dx4
+ λv = 0,
q = λp,
L− κp = λmq,
(8)
and the condition ξ ∈ D(A) yields
u(0) = u(l) = 0,
u′′(0) = u′′(l) = 0, u(j)(l0 − 0)− u(j)(l0 + 0) = 0, j = 0, 2,
v(0) = v(l) = 0, EI(u′′′(l0 − 0)− u′′′(l0 + 0)) = L,
p = u(l0), q = v(l0).
(9)
Let us first consider the second equation in (8) with respect to u(x):
d4u
dx4
− µ4u = 0, x 6= l0, (10)
where µ =
(
ρ
EI
ω2
)1/4 is treated as the new spectral parameter of problem (7), (9). The
general solution of (10) can be represented in the intervals of continuity of u(x) as
u(x) = C1e
−µx + C2eµx + C3 sinµx+ C4 cosµx, x 6= l0.
Let us denote
U(x) =

u0(x)
u1(x)
u2(x)
u3(x)
 =

u(x)
u′(x)
u′′(x)
u′′′(x)
 ,
then the differential equation that defines the eigenfunctions of (7), (9) can be written
for x ∈ (0, l0) ∪ (l0, l) as
d
dx
U(x) = MU(x), M =

0 1 0 0
0 0 1 0
0 0 0 1
µ4 0 0 0
 . (11)
The general solution of (11) is represented by the matrix exponential as follows:
U(x) =
{
exMU(0), x ∈ (0, l0),
e(x−l)MU(l), x ∈ (l0, l), (12)
where
exM =

z1(x) z2(x) z3(x) z4(x)
µ4z4(x) z1(x) z2(x) z3(x)
µ4z3(x) µ
4z4(x) z1(x) z2(x)
µ4z2(x) µ
4z3(x) µ
4z4(x) z1(x)
 ,
z1(x) =
1
2
(coshµx+ cosµx), z2(x) =
1
2µ
(sinhµx+ sinµx),
z3(x) =
1
2µ2
(coshµx− cosµx), z4(x) = 1
2µ3
(sinhµx− sinµx).
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The constants of integration u0(0), u2(0), u0(l), u2(l) are equal to zero due to the
boundary conditions of the spectral problem, while the other four can be obtained from
the interface conditions at the point x = l0. These conditions may be represented
as the system of linear algebraic equations M (u1(0), u3(0), u1(l), u3(l))T = 0, whose
matrix is
M =

z2(l0) z4(l0) −z2(l0 − l) −z4(l0 − l)
z1(l0) z3(l0) −z1(l0 − l) −z3(l0 − l)
µ4z4(l0) z2(l0) −µ4z4(l0 − l) −z2(l0 − l)
µ4z3(l0)− µˆz2(l0) z1(l0)− µˆz4(l0) −µ4z3(l0 − l) −z1(l0 − l)
 ,
where µˆ = κ
EI
− m
ρ
µ4. The last equality can be obtained from the conditions κp+λmq =
EI(u3(l0 − 0) − u3(l0 + 0)), q = λp. The value of p is treated as the limit of u0(x) at
x = l0. Thus, we obtain the following frequency equation:
detM = 0, (13)
where
detM = m
4µρ
{(coshµ(l − 2l0)− coshµl) sinµl + (cosµ(l − 2l0)− cosµl) sinhµl}
− sinµl sinhµl
µ2
+
κ
4EIµ5
{(coshµl − coshµ(l − 2l0)) sinµl
−(cosµ(l − 2l0) + cosµl) sinhµl} .
If µ satisfies the above equation, then rankM 6 3 and it is possible to choose a
non-zero set of values u1(0), u3(0), u1(l), u3(l). Let us take, for instance u3(l) = 1, then
the other boundary values can be found from the following system of linear algebraic
equations:
M3(u1(0), u3(0), u1(l))T = (z4(l0 − l), z3(l0 − l), z2(l0 − l))T , (14)
where
M3 =
 z2(l0) z4(l0) −z2(l0 − l)z1(l0) z3(l0) −z1(l0 − l)
µ4z4(l0) z2(l0) −µ4z4(l0 − l)
 .
Thus, solution (12) of equation (11) contains the function u(x) of the following form:
u(x) =
{
z2(x)u1(0) + z4(x)u3(0), x ∈ (0, l0),
z2(x− l)u1(l) + z4(x− l), x ∈ (l0, l),
and the set of boundary values is determined uniquely by system (14), provided that
detM3 = sinhµl0 sinµl + sinµl0 sinhµl
2µ2
6= 0. (15)
Then the rest of the components of ξ are determined by system (8). This completes
the procedure of solving the spectral problem (7).
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3 Frequency Analysis
The determinant ofM in (13) admits the following asymptotic representation for µ→ +∞:
det M = me
µl
8ρµ
(
Φ0(µ) + o(1)
)
,
where
Φ0(µ) = 2 sinµ(l − l0) sinµl0 − sinµl.
Thus, equation (13) is equivalent to the following one if µ 6= 0:
Φ0(µ) + Φ1(µ) = 0, (16)
where
Φ1(µ) = e
−µl{2 sinhµl cosµ(l − 2l0)− 2 sinhµl cosµl − 2 coshµl sinµl
+2 sinµl coshµ(l − 2l0) + eµl(cosµl + sinµl − cosµ(l − 2l0))− 8
mµ
ρ sinhµl sinµl
}
+
2κρe−µl
EImµ4
{(coshµl − coshµ(l − 2l0)) sinµl + (cosµl − cosµ(l − 2l0)) sinhµl} ,
and Φ1(µ) → 0 as µ → +∞. Note that the distribution of the roots of Φ0(µ) is deter-
mined by the length parameters l and l0 only. We will show below that the roots of (16)
can be approximated by the roots of
Φ0(µ) = 0, (17)
provided that µ > 0 is large enough.
Proposition 1. Assume that the number l0/l is rational. Let µ¯1 < µ¯2 < ... be the
positive roots of equation (17). Then, for every ε > 0, there is an M > 0 such that for
every µ¯j > M there exists a unique root µj ∈ Ij = (µ¯j − ε; µ¯j + ε) of (16).
It means that every root of equation (16) is located in an ε-neighborhood of the cor-
responding root of equation (17), and this neighborhood does not contain any other root
of (16). Besides, it is important to ensure that there are no “large” roots of equation (16)
outside the ε-neighborhoods mentioned above, as stated in the next proposition.
Proposition 2. Let the assumptions of Proposition 1 be satisfied, and let
S = (M ; +∞) \
∞⋃
j=1
(µj − ε;µj + ε).
Then Φ0(µ) + Φ1(µ) 6= 0 for all µ ∈ S.
Proof of Propositions 1 and 2. In case when the numbers l0 and l are commen-
surable, the function Φ0(µ) is periodic and its zeros 0 < µ¯1 < µ¯2 < ... are simple,
Φ′0(µj) 6= 0. Without loss of generality, we assume that a number ε > 0 is chosen small
enough so that ε < (µ¯j+1− µ¯j)/2 (the intervals Ij and Ij+1 are disjoint) for all j ≥ 1, and
inf
|µ−µ¯j |≤ε,j≥1
|Φ′0(µ)| > K (18)
with some constant K > 0. By construction, all positive roots of the equation Φ0(µ) = 0
are contained in the open set I = ∪j≥1Ij. Hence, Φ0(µ) 6= 0 at each µ ∈ S0 = [0,+∞) \
6
I. By exploiting the periodicity and continuity of Φ0, we conclude from the Weierstrass
extreme value theorem that there exists a δ > 0 such that
|Φ0(µ)| ≥ δ for all µ ∈ S0. (19)
From the mean value theorem, we know that
Φ0(µ) = Φ
′
0(χ)(µ− µ¯j), (20)
where χ = µ¯j + Θ(µ− µ¯j), Θ ∈ (0, 1). Then (18) and (20) imply that
|Φ0(µj ± ε)| ≥ Kε and Φ0(µj − ε)Φ0(µj + ε) < 0 for all j = 1, 2, ... . (21)
Since Φ1(µ)→ 0 and Φ′1(µ)→ 0 as µ→ +∞, we take an M > 0 such that
|Φ1(µ)| < min{Kε, δ} and |Φ′1(µ)| < K/2 for all µ > M − ε. (22)
From (21) and (22), it follows that the continuous function Φ(µ) = Φ0(µ) + Φ1(µ) has
values of opposite sign at µ¯j ± ε, provided that µ¯j > M . Then there exists a µj ∈ Ij =
(µ¯j − ε; µ¯j + ε) such that Φ(µj) = 0 by the intermediate value theorem.
The uniqueness of the root µj in Ij can be proved by contradiction. Let µ∗j ∈ Ij be
such that
Φ0(µ
∗
j) = −Φ1(µ∗j), µ∗j 6= µj. (23)
On the one hand, the integral representations
Φ0(µ
∗
j) = Φ0(µj) +
µ∗∫
µj
Φ′0(ζ)dζ, Φ1(µ
∗
j) = Φ1(µj) +
µ∗∫
µj
Φ′1(ζ)dζ
together with the condition Φ0(µj) = −Φ1(µj) yields
µ∗∫
µj
(Φ′0(ζ) + Φ
′
1(ζ))dζ = 0. (24)
On the other hand, inequalities (18) and (22) imply∣∣∣∣∣∣∣
µ∗∫
µj
(Φ′0(ζ) + Φ
′
1(ζ))dζ
∣∣∣∣∣∣∣ ≥ |µj − µ∗| infζ∈Ij |Φ′0(ζ) + Φ′1(ζ)| ≥
≥ |µj − µ∗|
(
inf
ζ∈Ij
|Φ′0(ζ)| − sup
ζ∈Ij
|Φ′1(ζ)|
) ≥ K|µj − µ∗|
2
> 0.
The above inequality contradicts (24); hence, µj is the only zero of Φ(µ) in Ij, which
proves Proposition 1.
By taking into account (19) and (22), we conclude that |Φ0(µ)| > |Φ1(µ)| whenever
µ ∈ S0 and µ > M . The latter implies the assertion of Proposition 2. 
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Table 1: Modal frequencies under the choice of parameters (25)
j µ¯j µj ν¯j νj
1 2.616 2.552 4.767 4.537
2 4.714 4.573 15.485 14.570
3 5.618 21.994
4 6.553 6.608 29.921 30.427
5 7.460 8.198 38.774 46.830
6 9.309 9.721 60.378 65.850
7 11.407 11.494 90.661 92.061
8 13.013 13.142 117.997 120.342
9 14.018 14.501 136.914 146.510
10 16.009 16.226 178.565 183.445
11 18.085 18.113 227.881 228.610
j µ¯j µj ν¯j νj
12 20.648 20.988 297.075 306.918
13 22.711 22.846 359.376 363.683
14 24.732 24.734 426.184 426.273
15 25.803 26.084 463.925 474.083
16 27.318 27.554 519.992 528.997
17 29.411 29.497 602.735 606.252
18 31.318 31.325 683.413 683.723
19 32.238 32.533 724.138 737.484
20 34.007 34.172 805.799 813.665
21 36.107 36.158 908.419 910.975
22 37.814 37.863 996.296 998.922
4 Numerical Simulation Results
Let 0 < µ1 ≤ µ2 ≤ ... ≤ µN be the first N positive roots of equation (13). Then the
corresponding eigenvalues λj of (7) and the modal frequencies νj in Hz are expressed
as
λj = i
√
EI
ρ
µ2j , νj =
√
EI
2pi
√
ρ
µ2j , j = 1, 2, ..., N.
To test the approximation of µj by solutions of the truncated equation (17), we also
compute numerically the roots µ¯j of the transcendent equation Φ0(µ¯) = 0 and the
corresponding frequency parameters ν¯j =
√
EI
2pi
√
ρ
µ¯2j for N = 22. These numerical results
are summarized in Table 1 for the following realistic values of mechanical parameters:
l = 1.905 m, l0 = 1.4 m, ρ0 = 2700 kg/m3, S = 2.25 · 10−4m2, ρ = ρ0S,
E = 6.9 · 1010 Pa, I = 1.6875 · 10−10 m4, m = 0.1 kg, κ = 7 N/mm. (25)
The above mechanical parameters correspond to the experimental setup described
in [21].
Note that the truncated frequency equation (17) has an additional positive root µ¯0 ≈
0.9949 that does not correspond to any root of equation (13), and there is the root µ3
of (13) while the equation (17) does not have any root in the corresponding interval.
These features are observed in low frequency range. But for large values of µ, the
agreement between solutions of the frequency equations (13) and (17) is quite good,
as seen in Table 1 and predicted by Propositions 1 and 2.
In the particular case l = 2l0, it is easy to write the positive roots of the transcendent
equation (17) explicitly:
µ¯j =
pi
l
({
j
2
}
+ 2
[
j
2
])
, j = 1, 2, ... . (26)
The above formula together with Propositions 1 and 2 implies that the spectral param-
eters µj grow linearly with j, i.e. the modal frequencies νj and the eigenvalues λj of (7)
grow quadratically with j for large j in the considered case. The growth rate of µj and
µ¯j in the case of mechanical parameters (25) is shown in Fig. 1.
To illustrate the behavior of the corresponding eigenvectors ξ1, ξ2,..., ξN of (7), we
plot the graphs of their u-component in Figs. 2 and 3. Note that condition (15) holds
for each µ = µj in the considered case; thus, each ξj is uniquely defined up to nor-
malization. As the function uj(x) describe the transverse displacement of the beam
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Figure 1: Spectral parameters µj and µ¯j
corresponding to the spectral parameter µj, we will refer to uj(x) as the j-th eigen-
mode of vibration. The presented eigenmodes correspond to the choice of l0 = 1.4 m
in Fig. 2 and l0 = l/2 in Fig. 3, respectively, for N = 4. In both figures, the functions
uj(x) are normalized in the sense of L2-norm on [0, l].
5 Conclusion
The approximation results of Section 3 together with the linear growth condition of
the form (26) generalize known asymptotic properties of eigenvalues of the standard
Euler–Bernoulli beam (cf. [1, Chapter 4]) to the model with attached masses. In future
work, we expect to apply Propositions 1 and 2 for the analysis of the limit behavior of
trajectories to characterize attractors of the infinite-dimensional closed-loop system (5)
for different values of tuning parameters of the feedback law (4). The results obtained in
this paper are planned to be extended to other classes of elastic structures, particularly,
to the rotating Timoshenko beam with attached masses [22] and beam systems with
passive joints [23].
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